Core shearing and core/face debonding are two common failure states of sandwich beams which are mainly the result of excessive shear stresses in the core. Generally, the core made of homogeneous Fiber Reinforced Polymer (FRP) shows better shear resistance in comparison with that made of pure polymer. Usually, this enhancement is however somewhat limited. This paper proposes a methodology to decrease interfacial stresses by presenting the optimal distribution of reinforcing ingredients in the polymeric matrix. For this purpose, a Non-Uniform Rational Bspline (NURBS) based reinforcement distribution optimizer is developed. This technique aims at the local stress minimization within any arbitrary zone of the design domain. In our methodology, optimization and model analysis (calculation of the objective function and the design constraints) have common data sets. The quadratic NURBS basis functions smoothly define the reinforcement distribution function as a NURBS surface. The core and face sheets are modeled as multi-patches and compatibility in the displacement field is enforced by the penalty method. An adjoint sensitivity method is devised to minimize the objective function within areas of interest defined over arbitrary regions in the design domain. It is also used for efficient updating of design variables through optimization iterations. The method is verified by several examples.
Introduction
Sandwich beams are a special class of composite materials fabricated by attaching two thin but stiff face sheets to a lightweight thick core which experiences mostly shear stresses. As a result of their high bending stiffness and high strength to weight ratios, sandwich beams have numerous applications in the automotive, aerospace, marine and construction industries [1] . A comprehensive review and assessment of various theories for modeling sandwich composites are presented in [2] .
Core shearing and debonding between core and face sheets are two common failure modes of these structures. Core shearing occurs when a sandwich beam is subjected to an excessive transverse shear force. Moreover, experimental evidence shows that debonding failure is influenced by the existence of a crack at the imperfect interface [3] . The excessive interfacial stresses between the core and the face sheet can be considered as a main cause for this failure.
To decrease the stress concentration at the interface, Functionally Graded Materials (FGMs) with continuously varying composition have been developed [4] . However, FRP materials are also widely used in the core of sandwich beams. Improving the interfacial stresses within FRP cores were only superficially studied. Available research on interfacial stresses optimization mainly concerns beams strengthened with FRP bonded plate. For instance, Krour et al. [5] and Lousdad et al. [6] tried to minimize interfacial stresses of a concrete beam strengthened with FRP plate, by finding optimal fiber orientation in the FRP plate and its end shape, respectively.
Motivated by our previous research on fiber distribution optimization in Fiber Reinforced
Composite (FRC) structures [7] , we extend the methodology to present an optimization package for sandwich beams minimizing any stress state within any arbitrary area of interest defined over the design domain. The advantages of our methodology include: The same data set is used for optimization and analysis, high convergence rate due to the smoothness of the NURBS, mesh independency of the optimal layout, no need for any post processing technique and its nonheuristic nature (see [7] ). In our present work we also devise an adjoint sensitivity technique for flexible choice of regions where the stress reduction is demanded. The technique is used for efficient updating of the design variables during optimization iterations.
The remainder of this paper is organized as follows: In Section 2 and Section 3, FGMs and IGA fundamentals are briefly discussed. Material discontinuity and optimization methodology are explained in Section 4 and 5, respectively. Afterwards, case studies in Section 6 and concluding remarks in Section 7 are presented.
Short introduction to FGM and homogenization technique
Mechanical characteristics at any point in FGMs depend on the volume fraction of its ingredients. The sum of the volume fraction of reinforcement ( ) and the matrix ( ) is equal to unity ( ). In a beam with a FG core, the volume fraction of reinforcement is assumed to follow the power law distribution:
with where is a non-negative exponent, is the distance from the midline of the core in the thickness direction and is the FG core thickness. For the sake of simplicity, the rule of mixtures as a classical homogenization approach is used in this work. The Mori-Tanaka homogenization technique [8] is also used for model verification purposes. A summary of the governing equations can be stated as follows: Fig.1 Volume fraction versus the non-dimensional thickness for various of the FG core, figure from [9] Rule Of Mixtures (ROM) method:
By substituting Eq.(1) in to Eq.(2) the effective Young's modulus , Poisson's ratio and mass density of the FG core are determined by :
Mori-Tanaka method:
In contrast to the ROM, the Mori-Tanaka scheme considers the forces between the matrix and particulate phases and accounts for the interaction of the elastic fields among neighboring inclusions [8] . [14, 15] and XIGA [16, 17] have been developed for capturing material discontinuity using non conforming mesh. Recently Nguyen proposed very simple approaches to handle such discontinuities in IGA for composite delamination using knot insertion for cohesive interfaces [18] .
In IGA, continuity across an interior element boundary directly depends on the polynomial order and the multiplicity of the corresponding knot. Thus, knot insertion can be used to tailor the continuity of the fields along element interface (see Fig.2 ). Taking the knot vector in 1-D as , where is the knot, is the number of basis functions and is the polynomial order, the basis functions across knot are times continuously differentiable or continuous; where is the multiplicity of knot . In our optimization methodology, control points which define the geometry of the model, contain the nodal volume fractions of the reinforcement as optimization design variables. Note that this is an advantage due to the smoothness provided by the NURBS functions and the simplicity of dealing with only one approximation space for the geometry, reinforcement distribution and analysis. Though single knot insertion suffices to capture weak discontinuities in the analysis of sandwich beam models using IGA, it does not properly represent the situation arising at the neighborhood of material interface in the reinforcement distribution surface.
Assume that material interface is being continuous. Thus, according to Fig.2 and it is supposed that the face sheet material composition is fixed and does not change during the optimization, we set all design variables related to the face sheets to unity. So, , ,
} as a part of the face sheet should be a unit vector. However, they also belong to element no. 4 in the core of the beam with different nodal values. To overcome this discrepancy, we impose continuity at the interface via the insertion of one additional knot (in total 3 knots at the parametric interface). In this case a new row of control points will coincide with the existing ones. Half of them contain the face sheet characteristics and the other half contains the core characteristics. Continuity in the displacement field along the interface is enforced by the penalty method. Fig.3 schematically illustrates the implemented technique. Red dots represent interfacial control points which are duplicated and coincident at the interfaces. Green ones show typical interior control points. 
Overview of optimization methodology
As mentioned before, NURBS basis functions are used in this work not only for the analysis but also to model the reinforcement distribution. In our methodology the nodal reinforcement volume fraction ( ) on control points are defined as design variables and the reinforcement distribution ( ) is approximated as NURBS surface. Every point in the parametric space is mapped to the physical space having two attributes, geometrical coordinates and reinforcement volume fraction value. Due to the intrinsic characteristics of NURBS (higher order continuity and compact support, see [13] ), even coarse meshes yield smooth enough surfaces to clearly represent the optimization results without needing any further image processing techniques [7] .
The distribution function , which indicates the amount of reinforcement at every design where is the area of interest over which the objective function is supposed to be minimized.
The optimization problem can be summarized as follows:
Minimize:
Subjected to:
is the total reinforcement volume in each optimization iteration, is an arbitrary initial reinforcement volume which must be set at the beginning of the optimization process and is the entire design domain; , and in Eq. (17) 
Adjoint sensitivity analysis
In gradient-based methods, to solve Eq. (21) 
Case studies
In this section, the NURBS-based finite element model is verified by performing both static and dynamic benchmark problems. Afterwards the performance of the optimization algorithm is studied. Fig.5 and Fig.6 show the solution for the displacements and the stresses at the middle section (cut A-A in Fig.4 ). As can be observed from the graphs, displacements are continuous as required by the compatibility condition. The jump in is properly reproduced at the interfaces as well as the slope discontinuity in shear stresses, . The results agree well with the benchmark problem in [21] . Replacing the distributed load a parabolic traction at right edge of the beam, the displacement and energy norms are evaluated by where and are the strain and displacement vectors while the subscripts and denote "numerical" and "exact", respectively. The exact displacements as derived in [22] are imposed on the entire boundary of the beam using the least squares method (see [23] ). The convergence results are shown in Fig.7 . The mesh parameter is defined as the ratio between the beam height and the number of elements in the vertical direction. Using quadratic mesh, the optimal convergence rates (three for displacement norm and two for energy norm) are obtained. 
Verification

Free vibration of a sandwich beam with a FG core
This example includes a sandwich beam with the FG core made of Aluminum and Zirconia (Al/Zro2). The length of the beam is , its height is and the core thickness is . Other relevant data is listed in Table- 2. Geometry, loading and support conditions are as in Fig.4 . Table-3 shows the first six natural frequencies of the sandwich beam with the FG core. Results obtained by other methods [9] are also presented. Using IGA with coarse meshes yields to accuracy around 0.1% comparing with reference results (fine mesh FEM using ANSYS) as presented in Table-3 . Though, the aim of this paper is not to demonstrate the advantages of IGA in sandwich beam modeling, Fig.8 shows smooth convergence of the NURBS results. This coarse model accuracy is beneficial for iterative design procedure and optimization especially when FE model is computationally expensive. 
Optimization case studies
After the verification of the IGA model, we proceed to the optimization of the reinforcement distribution. Let us consider again the cantilever sandwich beam with uniformly distributed load as shown in Fig.4 . All design parameters are summarized in Table-4 . Fig.9 illustrates the chosen sub-domains which are considered for the definition of the objective function. Areas are considered at mid span, mid height and in the vicinity of the interfaces. As mentioned before, since core shearing and debonding failure states are mostly due to shear stresses, we concentrate on the minimization of the shear stresses. However, other components of the stresses can be also taken into account. To demonstrate the correctness of the model, we extend area of interest #1 to include face sheets. The extended area is called area of interest #2 (see Fig.9 ). The optimal distribution of the reinforcement and the history of objective function are plotted in Fig.12 (a) and 12(b), respectively. Fig.13 compares the shear stress profiles before and after optimization. As expected, the shear stresses improve within area #2. Fig .15 shows the shear stress profile before and after optimization along a section at mid width ( Fig.15(a) ) and mid span ( Fig.15(b) ). In both figures, dash lines refer to zones which are outside the interested area #3. Again, the graphs clearly illustrate that the shear stresses considerably decrease in the area of interest. As a final case, we consider area of interest #4 which includes interfacial elements in core of the beam (see Fig.9 ). The optimal distribution of reinforcing ingredients and the history of the objective function are illustrated in Fig.16 (a) and 16(b), respectively. 
Concluding remarks
Excessive shear stress in sandwich beams can yield to core shearing and core/face debonding.
This research work presents a computational algorithm for decreasing interfacial shear stress in sandwich beams with polymeric core. The output of the algorithm is the optimal distribution of reinforcing ingredients inside the polymer matrix. The algorithm can be also used for optimizing other stress components (i.e. peeling and bending stresses) in any arbitrary zone of the design domain. Our methodology takes advantages of NURBS basis functions for both analysis (IGA) and reinforcement distribution optimization (NURBS surface). Using IGA for model analysis, yields to high rate and smooth convergence to exact results. continuity is imposed at the interface to "truly" isolate the reinforcement distribution in the core from the face sheets using multi-patch and penalty techniques. The adjoint sensitivity technique provides flexibility in defining the area of interest over which the objective function is minimized and also for efficient updating of the design variables through optimization iterations. Comparing the results of the case study illustrates that adding reinforcements homogeneously into polymers will slightly improve the interfacial shear stress but that considerable improvements are observed when the distribution of the reinforcement in the core is optimized.
